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ISOPARAMETRIC HYPERSURFACES IN MINKOWSKI 

SPACES 

QUN HE, SONGTING YIN AND YIBING SEEN 


Abstract. In this paper, we introduce isoparametric functions and 
isoparametric hypersurfaces in Finsler manifolds and give the neces¬ 
sary and sufficient conditions for a transnormal function to be isopara¬ 
metric. We then prove that hyperplanes, Minkowski hyperspheres and 
E*-Minkowski cylinders in a Minkowski space with HH-volume (resp. 
HT-volume) form are all isoparametric hypersurfaces with one and two 
distinct constant principal curvatures respectively. Moreover, we give a 
complete classification of isoparametric hypersurfaces in Randers-Minkowski 
spaces and construct a counter example, which shows that Wang’s The¬ 
orem B in does not hold in Finsler geometry. 


1. Introduction 

In Riemannian geometry, isoparametric hypersurfaces are a class of im¬ 
portant submanifolds studied by many geometers. Let (M, g) be a connected 
complete Riemannian manifold. An isoparametric hypersurface in {M,g) is 
a regular level hypersurface of an isoparametric function f, which satishes 

( 1 . 1 ) 

1 A/ = b{f), 

where A denotes the Laplacian on {M,g), a is a smooth function and b is 
a continuous function on M. A smooth function / satisfying only the first 
equation of (ll.ip is called a transnormal function. Early in 1938, B. Segre 
( [T]) proved that an isoparametric hypersurface in M” is either a hyper¬ 
plane, a hypersphere, or a cylinder x Later on, E. Cartan ( 12 ]) 

showed that in a space form M"'(c), a transnormal function / is isopara¬ 
metric if and only if each regular level hypersurface of / has constant mean 
curvature, or equivalently, if and only if each regular level hypersurface has 
constant principal curvatures. U ki, k2, ■ ■ ■ ,kg are the all distinct principal 
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curvatures, then we have the following Cartan formula 


E 


rrii 


c + kjki 
kj — ki 


0, j = 


( 1 . 2 ) 


where is the multiplicity of k^. Subsequent research focused mainly on 
isoparametric hypersurfaces in the n-sphere and many important results 
have been obtained( [3] [5] [6]). Recently, Z. Tang and his students gave a 
lot of fresh results on isoparametric hypersurfaces in §"■ ( m 0). 

In Finsler geometry, however, there are no any studies on Finslerian 
isoparametric hypersurfaces so far. The major difficulties are that there 
is no unified volume measure and there are many ways to define the induced 
volume form and the mean curvature of a hypersurface in a Finsler manifold 
{M,F). Usually, the Busemann-Hausdorff volume (RFf-volume for short) 
form and the Holmes-Thompson volume (FfT-volume for short) form are 
used ( 0)- Given a volume form dg. on (M, F), we can define a non-linear 
F insler-Laplacian 

A/ = A^ff = div(V/) 

with respect to d/r, where V/ denotes the gradient of / defined by means 
of the Legendre transformation. The non-linear Finsler-Laplacian A/ is 
a well-known and very important operator in Finsler geometry, on which 
there are many important results( 0 [8] [9], etc). We then can define the 
isoparametric function and the isoparametric hypersurface in a Finsler man¬ 
ifold (M, F, dg) in the same manner as in Riemannian geometry. In other 
words, a function / on (M, F, dfj,) is said to be isoparametric if there are two 
functions d{t) and b{t) such that / satisfies (see Dehnition 4.1 for details) 


F(V/) = a(/), 
A/ = h{f). 


(1.3) 


A function / satisfying the first equation of (1.3) is said to be transnormal. 

It appears that the equation (1.3) and (1.1) are similar in form. But 
in the non Riemannian case, the gradient of a function and its Laplacian 
are nonlinear. In general case, they cannot be expressed explicitly. Even 
in the most special case, Randers-Minkowski space, the expressions of the 
gradient and Laplacian are also quite complicated, so that many methods 
of Riemannian geometry are no longer adequate. One has to find some new 
methods and techniques for handling equation (1.3). 

The purpose of this paper is to study isoparametric functions and isopara¬ 
metric hypersurfaces in a Finsler manifold {M,F,dp,), particularly, in a 
Minkowski space which is a generalization of the Euclidean space. We shall 
prove the following results. 


Theorem 1.1. On an n-dimensional Finsler manifold (M, F, dp,), a transnor¬ 
mal function f is isoparametric if and only if each regular level hypersurface 
At of f has constant (i/r„-r?T,ean curvature Hn, where n = ■ Partic¬ 

ularly, if M has constant flag curvature and constant S-curvature, then a 
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transnormal function f is isoparametric if and only if all the principal cur¬ 
vatures of Nt are constant. 

The above theorem can be viewed as a generalization of the corresponding 
result in [ 2 ]. As well known, a Minkowski space is a vector space endowed 
with Minkowski metric which is Euclidean metric without quadratic restric¬ 
tion. It is natural to generalize the results in Euclidean spaces to Minkowski 
spaces. We consider a few special classes of hypersurfaces in Minkowski space 
{V,F), namely, the Minkowski hypersphere '■ = r, the reverse 

Minkowski hypersphere Sp~^{r) : F{—x) = r and F* -Minkowski cylinder 
S^~^{r) X where S^~^{r) is the (reverse) Minkowski hypersphere in 

{V,F), F is the dual metric of E*|y» in V, V* = V is an m-dimensional 
subspace of V* = V and F* is the dual metric of F. In general, F 7 ^ F\y{ 
see Section 5 below for details). 

Theorem 1.2. In an n-dimensional Minkowski space (E, F) with the BH(resp. 
HT)-volume form dp, all the hyperplane, the Minkowski hypersphere Sp2^{r) 
and the F* -Minkowski cylinder S^~^{r) x must be isoparametric hy¬ 

persurfaces with one or two distinct constant principal curvatures. 

Theorem 1.3. In an n-dimensional Randers-Minkowski space (y,F) with 
the BH(resp. HT)-volume form dp, any isoparametric hypersurface has two 
distinct principal curvatures at most, which must be either a Minkowski 
hyperplane, a (reverse) Minkowski hypersphere Sffr^{r), or an (reverse) F*- 

Minkowski cylinder S^~^{r) x 


Theorem 1.1 ~ 1.3 partially generalize the corresponding results in [I] 
and [ 2 ]. In fact, we also obtain some generalizations for more general case (see 
Section 4 and Section 5 for details). 

The contents of this paper is organized as follows. In Section 2, some fun¬ 
damental concepts and formulas which are necessary for the present paper 
are given. The Gauss-Weingarten formulas and the Gauss-Codazzi equa¬ 
tions of a hypersurface in (M, F, dp) are established in Section 3. The Fins- 
lerian isoparametric hypersurfaces are discussed in Section 4. In Section 5 
and Section 6 , we obtain a Cartan type formula similar to (II.2p and give 
some classification theorems of isoparametric hypersurfaces in Minkowski 
spaces. Particularly, for the case of Finslerian isoparametric hypersurfaces 
in Randers-Minkowski spaces, we give the complete classification. Finally, 
in Example 4 of Section 6 , we construct a function which is transnormal but 
not isoparametric. It shows that Theorem B in [ 6 ] does not hold in Finsler 
geometry. 
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2. Preliminaries 

2.1. Finsler manifolds. Throughout this paper, we assume that M is an 
n-dimensional oriented smooth manifold. Let TM be the tangent bun¬ 
dle over M with local coordinates {x,y), where x = • • • ,x‘^) and y = 

• • • , y”). A Finsler metric on M is a function F : TM —[0, oo) satis¬ 
fying the following properties: (i) F is smooth on TM\{0}; (ii) F{x,Xy) = 
XF{x,y) for all A > 0; (hi) the induced quadratic form g is positive-definite, 
where 

g := gij{x,y)dx^ (g) dx^, gij{x,y) = ^[F\iyj. 

Here and from now on, we will use the following convention of index ranges 
unless other stated: 


1 < a,b, ■ ■ ■ < n — 1. 


The projection vr : TM —> M gives rise to the pull-back bundle ti*TM and 
its dual bundle 'k*T*M over rM\{0}. In 7t*T*M there is a global section 
Lo = [Fjyidx'^, called the Hilbert form, whose dual is £ = called 

the distinguished field. 

As is well known, on the pull-back bundle MTM there exists uniquely 
the Chern connection V with satisfying ( [TO]) 

Wj A dx^ = 0, 

dgij - gikU}j - gkjUJi = 2FCijk5y’^, 5y^ := + y^ujj), 

where Cijk = is called the Cartan tensor. The curvature 2-forms of 

the Chern connection V are 

du] - cj’; A 4 = n) := ^idx^ A dx^ + P] ^idx^ A 5y^ , (2.1) 

where Rt = —P* if.. The flag curvature tensor is defined by 
R\-.= HR]f,fi\ Rjk = gijR\. 

For a unit vector V = with gijy^V^ = 0, the flag curvature K{y;V) 

is defined by 

K{y,V) = RijV^VF 

The Ricci curvature for (M, T) is defined as 

row* j (9 

D:X{x) := \v^^{x)+T],{wyx\x)\^ (2.2) 

where {ei, • • • , e„ = £} is an orthonormal basis with respect to gy. 
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Let X = X^-^ be a vector field. Then the covariant derivative of X 
along V = with respect to re G TxM\{0} is defined by 

D:xix) := }^v^^ix)+T],{wyx\x)^ (2.3) 


where T*-^ denotes the connection coefficients of the Chern connection. 

Let C : TM —>■ T*M denote the Legendre transformation, which satisfies 
/1(0) = 0 and C{Xy) = \C{y) for all A > 0 and y G TM \ {0}. Then 
C : TM \ {0} —>■ T*M \{0} is a norm-preserving C°° diffeomorphism and 

im) 


C{y) = F{y) [F]yi {y)dF = F{y)u, yGTM\0. (2.4) 


For a smooth function / : M — > R, the gradient vector of / at x G M is 
defined as V/(x) := C~^{df{x)) G TxM, which can be written as 


V/(x) 


g^J(x,Vf)§t£„ dfix)j^0, 
0 , df{x) = 0. 


(2.5) 


Set Mf := {x G M\df{x) + 0}. We define X'^f{x) G TfM^TxM for x G Mj 
by using the following covariant derivative 

V2/(u) := D^Xfix) G TxM, v G TxM. (2.6) 


Set 

D^ixy) := 5 v/(V 2 /(^),n = 5 v/(^x^(V/),y). (2.7) 

Then we have( [9]) 

g^f{Dlf{Xf),Y) = Dy{X,Y) = Dy{Y,X)=gyj{Dy{Xf),X), ( 2 . 8 ) 


for any X,Y G TxM. 

Let dy, = a{x)dx^ A • • • A dx'^ be an arbitrary volume form on (M, F). The 
divergence of a smooth vector held V = on M with respect to dy is 

dehned by 


1 - TA 1 , js jCllncr 

^ a? ^ + r 

Then the Finsler-Laplacian of / can be dehned by 

^ ^ H*^'(V/)/,). 


A/ := div(V/) = 


a 


dx^ 


(2.9) 


( 2 . 10 ) 


2.2. Isometric immersion. Let {N, F) and (M, F) be Finsler manifolds of 
dimensions m{< n) and n respectively. An immersion (f> : {N, F) —>■ (M, F) 
is called to be isometric if F{u,v) = F{4>{u), d4>{v)) for {u,v) G TN with 
local coordinates (u^, • • • , u^,v^, ■ ■ ■ , u”^). Here and from now on, we will 
use the following convention of index ranges unless other stated: 

1 < a, P ■ ■ ■ < m. 





6 


QUN HE, SONGTING YIN AND VISING SHEN 


For an isometric immersion (j), we have 

gais{u,v) = 

where 


gay = y* = 




( 90 * 

du°‘ 


Set 


/l* = C^igV^V^ - + G\ 


h{v) :=4^A = v,(#(^)), 


( 2 . 11 ) 


F‘^{v) 5x* 

where 0^^ = and G* are the geodesic coefficients of {N, F) and 

(M, F) respectively and h is the normal curvature vector field ( [E]). {N, F) 
is said to be totally geodesic if /i = 0. Let 

V(iV) = {e G 0-^r*M| ^(#(X)) = 0, VX G TN}, 
which is called the normal bundle of N in {M,F). 


3. Theory of hypersurfaces 


3.1. Variation of the induced volume. Now let 0 : X —)• M be an 

embedded hypersurface (i.e., m = n — 1) of Finsler manifold {M,F). For 
simplicity, we will use {x,y) G TN, where x = 4>{u), y = dcpv for {u,v) G 
TN. For any x G X, there exist exactly two unit normal vectors n± such 
that 


Tx{N) = {X G Tx{M)\ yn^(n±,X) = 0, yn±(n±,n±) = 1.} 

In fact, n± are just £“^(±z^), where u G V(X) is a unit 1-form. If F is 
reversible, then n_ = —n+. 

Let n = be a given normal vector of X in (M, F), and put g := gn- 

Let dyM = cr{x)dx^ A • • • Adx^ be an arbitrary volume form on (M, F). The 
induced volume form on X determined by dyM can be defined by 

dyn = an{u)du^ A • • • A du^~^ 

= (T(0(u))0*(in(d2;^ A • • • A dx^)), u £ N, (3-1) 


where in denotes the inner multiplication with respect to n. 
If we put X = 0(u), 2 ; = = (0a), then we have 

(Tn{u) = F{x,z). 


Consider a smooth variation (j)t : N ^ M, t G (—e, e), such that 0o = 0. 4>t 
induces a family of volume forms dyt = o'nt{u)du on 0t(X) with dyo = dy^ 
and no = n, where du = du^ A • • • A du^~^. Let X = X*^ G TM be the 
variation field of {0t} and Vol(t) := J^dyt- As similar to [12], we can get 


that 


dVol{t) 


dt 


t=o 



(.^)dyni 
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where 


-Hda^X) = 




dT d'^T 


X [dzidzy^ dx^ 


+ 


dx^dzl^ 




(3.2) 


’^d/in is called the d^n-mean curvature form of 4> with respect to n. Define 


Hn ■■= 

We call Hn the dfin-'^nGo.n curvature of N in (M, F). 


(3.3) 


Remark 3.1. The induced volume form (13.ip is determined by the volume 
form d^M of {M,F) and the normal vector n. In [12] and [11], the induced 
volume forms (e.g., BH-volume form and HT-volume form) are determined 
by the induced metric F from F, respectively. Hence, in general, the mean 
curvature form (|3.2p is different from that in [12] and m- In Riemannian 
case, they are all same. 


3.2. Gauss-Weingarten formulas. For any tangent vector y E T^N at 
X G N, there is a unique geodesic 7 in {N, F) such that the curve 7(t) := 
(j) o 7(t) satisfies 7(0) = x and 7(0) = y. Define 

An(l/) := 5(n,D77(0)), yGT^N, (3.4) 

where D is the covariant derivative defined by (|2.3p . An(y) is called the 
normal curvature of N with respect to n ( m)- From (14.16) in [7] , it is 
easy to see that 

An(y) = F‘^{y)g{ii, h{y)) = F‘^{y)n{h{y)), y E T^N, (3.5) 

where h{y) is the normal curvature vector field defined by (I2.11|] . It is 
obvious that {N,F) is totally geodesic if and only if An(y) = 0,Vy E TxN. 
In general, An(y) and h{y) are nonlinear. 

The Weingarten formula with respect to g is given by 

D^n = Vj,n-An{X), 

where X E T{TN), V"*" is the induced normal connection, and ■ TxN —?• 
TxN is called the Weingarten transformation (or Shape operator). It is 
obvious that 

V^n = g{D^n, n)n = ^ [Xg{n, n)] n = 0. 

From [7] (P.222) we know that is linear and self-adjoint with respect to 
g. Moreover, we call the eigenvalues of An, ki,k 2 , - ■ ■ , kn-i , the principal 
curvatures of N with respect to n. If An{X) = kX,\/X E r(TA'), or equiv¬ 
alently, ki = k 2 = ■ ■ ■ = kn-i, we call N a g-totally umbilic hypersurface of 
Finsler manifold {M,F). 

Define 

h{X, Y) := g{Ax,{X),Y) = g{M, D^Y), X,Y G T{TN). 


(3.6) 
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It is clear that h is bilinear and h{X,Y) = h{Y,X). Moreover, we define 

VxY := {D^Yy = D^Y-h{X,Y)ii, X,Y £r{TN). (3.7) 

Then it is easy to prove that V is a torsion-free linear connection on N and 
satisfies 

(Vx^y^Z) = 2Cn(D^n,y,Z) = -2CniAniX),Y,Z), (3.8) 

which shows that V is not the Levi-Civita connection on Riemannian man¬ 
ifold {N, g). But we also have the Gauss- Weingarten formulas 

D^Y = VxY + h{X,Y)n, (3.9) 

D^n = -An{X), X,Yg r{TN). (3.10) 

Let be an orthonormal frame field with respect to q such that 

e. = n Set( b P) 

n—1 

Hn := ^ h{ea, Ca), (3.11) 

a=l 

which is independent of the choice of the local frame field {ea}”rj. h and 
Hn are called the g-second fundamental form and the g-mean curvature of 
N in {XI, F), respectively. It follows from (13.61) and (|3.1ip that 

n-l 

Hn = Y,ka, (3.12) 

a=l 

where ka are principal curvatures of N. 

The following lemma gives the relationship between the ^-second funda¬ 
mental form and the normal curvatures. 

Lemma 3.1. ( [7]) Let (M, F) be a Berwald manifold. Then we have 

K{X) = h{X, X) = g{An{X),X), (3.13) 

for any X G Ta;{N). 

From the Lemma, we have immediately 

n—1 

Hn — ^ ^ .^n(6a)) .^n(Ca) — ^(^a)) — ka, 

a=l 

where {ea}aZi is an orthonormal frame field comprised of eigenvectors of 

in. 

Lemma 3.2. Let (M, F) be a Berwald manifold. Then {N, F) is a totally 
geodesic hypersurfaces if and only if ki = k 2 = ■■■ = kn-i = 0. 
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3.3. Gauss-Codazzi equations. Let the curvature tenser of the connec¬ 
tion V be 

= VxVy-VyVx-V[x,Y], yX,YGT{TN). (3.14) 

Then we have 

R{X, Y)Z = D^D^Z - D^D^Z - 

+ hniY, Z)A^{X) - K{X, Z)in(y) 

- {^xhn){Y, Z)n + {VyK){X, Z)n. (3.15) 


On the other hand, we have 



Then for any X,Y, Z G TM, 


D^^D^Z - D^D^Z - 

= Rn{X, Y)Z - Pn{Y, D^^R)Z + Pn{X, D^n)Z, (3.16) 

where R^ and P^ are the Chern-curvature tensors of (M, F) defined by (j2.ip 
in y = n and = P}ki^- It follows from p.l5p and p.l6p that 

R{X, Y)Z = Rn{X, Y)Z + Pn(y, in(X))Z - Pn(X, Ar,{Y))Z 

+ hn{Y, Z)i„(X) - h^{X, Z)A^{Y) 

- {VxK){Y, Z)tv + {VyK){X, Z)n, (3.17) 

for any X,Y,Z G TN. Since g{PniY,An{X))Z,-a) = L(y, yin(X), y)where 
L is the Landsberg curvature of {M,F), we obtain the Gauss-Codazzi equa¬ 
tions as follows. 

Theorem 3.1 For the induced connection V on hyper surfaces, we have 
g{R{X, Y)Z, W) = g{Rn{X, Y)Z, W) + g{Pn{Y, A^{X))Z - P„(X, in(y))y, IF) 


+ K{Y, Z)K{X, IF) - /in(y, Z)h^{Y, IF) (3.18) 

g{Rn{X,Y)Z,n) = {VxK){Y,Z) - {VyK){X,Z) 

+ L{X, in(y), Z) - L{Y, in(X), Z). (3.19) 

Particularly, in Minkowski space, the Gauss-Codazzi equations can be 
reduced as 

g{R{X, Y)Z, IF) = hn{Y, Z)K{X, IF) - K{X, Z)K{Y, IF), (3.20) 
{VxK){Y, Z) - {VyK){X, Z) = 0. (3.21) 
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3.4. Regular level surfaces of functions. Let f : U cM—)-i?beaC'^ 
function such that 

r NnU = {x £U\f{x) = C}-, 

\df{x)j^0, xeNnu, 

where C/ is a neighborhood of some xq £ N. Then we have 0 = 1"/ = 
g\/f{Vf,Y) for any Y G r(T(iV n U)). Therefore, Ivnl/ is a normal 

vector of N nU. Here we have used the condition that df ^ 0 on N DU. 
By choosing n = , one can obtain from ()2.7p . ()2.8p and ()3.6p that 

HX,Y) =„/ = -m 

where X,Y £ r{TN). 

Lemma 3.3. Let be a local gyf -orthonormal basis such that e„ = 

n = pJ^j-'^ ■ Then we have 

n—1 n—1 

F{Vf)Hn = -Yl = - E (3-23) 

a=l a=l 

where faa = D‘^f{ea,ea). 

Lemma 3.4. ( [7]) Let {M,F,dg) be an n-dimensional Finsler manifold 
and f : M ^ R a smooth function. Then on Mf we have 

Af = trg^,{D^f) - 5(V/) = E/- - (3.24) 


4. Isoparametric hypersnrfaces in a Finsler manifold 

Similar to the Riemannian case( 0, 0), we give tha following 


Definition 4.1. Let / be a non-constant continuous function defined on a 
Finsler manifold (M, F) and be smooth in M \ S, where 5 is a close set 
with measnre zero in {M,F,dg). Set Mf := {x £ M \ S\df{x) / 0} and 
J = f{Mf). f is said to be an isoparametric function on (M, F, dp.) if there 
is a smooth fnnction d{t) and a continuous function b{t) defined on J such 


that 


F(V/) =«(/), 
A/ = b{f) 


(4.1) 


hold on Mf. All the regular level surfaces A/ = f~^{t) form an isoparametric 
family, each of which is called an isoparametric hypersurface in (M, F, dp). A 
function / satisfying only the first equation of (j4.1h is said to be transnormal. 
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A geodesic segment 7(5) is called an /-segment if f{'j{s)) is an increasing 
function of s and 7(5) “ ^(V/) ™ 

Note that an /-segment is necessarily parametrized by its arc length. 

Lemma 4.1. Let f be an isoparametric function on {M,F,dp,) and ip{t) 
he a non-constant smooth function defined on J satisfying <p'{t) > 0. Then 
f = (p o f is also isoparametric on (M, F, dp). 

Proof. If p'{t) > 0, gy(ipof) = gs 7 f- Then in Mj, we have 

F{V{t o /)) = ip'FiVf), A(^ O /) = ip”F{Vff + p'Af. 

It is obvious that / = (^ o / also satisfies (j4.ip . □ 

4.1. Transnormal fnnctions and parallel level hypersurfaces. First 
of all, we generalize some results of transnormal functions in Riemannian 
geometry. 


Lemma 4.2. Let f be a transnormal function on a connected and forward 
complete Finsler manifold {M,F). Then on Mj, we have the following re¬ 
sults 

(1) There is a function p defined on {M,F) such that Vp = 

(2) The integral curves of the gradient vector fieldV f in Mf are all geodesics(f - 
segments). 

(3) The regular level hypersurfaces Nt = f~^{t) are parallel along the direc¬ 
tion of V f. 

(4) d{x,Nt^) = d{Nt^,y) = ^dt for any [ti,t 2 ] e J, x £ Nt^, y £ Nt^ 
and the f -segments are the shortest curves among all curves connecting 
and A/2 • 


Proof (1) Let F(V/) 


= d{f) and define functions 

rt 1 


S{t) = f 
Jto 


-dt, to,t £ J, 


d{t) 

p{x) = s(/(x)), X £ M. 


(4.2) 


Then Vp = which shows that gsjf = gsjp and g^/pCVp,^/p) = 1. 

(2) Let be an orthogonal frame field with respect to gs/p such that 

en = yp. From ()2.8I) . we have 

9Vp{Dl^p'^P,ea) = gvp{DYfVp,Vp) = ^Ca [gvp{Vp,Vp)] = 0 , 

9Vp(T>v^Vp, Vp) = ^Cn [pvp(Vp, Vp)] = 0. 

Thus p = 0, that is, all the integral curves of Vp are normal geodesics. 

(3) Since A/ = f~^{t) = p~^{s{t)), the regular level hypersurfaces A/ = 
f~^{t) are parallel along the direction of V/. 
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(4) For any ti,t 2 G J, < t 2 , and any xi G Nt^^X 2 G iV^j, let a : [0,/] —)• 
Mf be a piecewise curve with it(0) = xi and (t{1) = X 2 - Then 

F{d{s))ds > f 

Jo 

fl I rt2 I 

= / = / -rrrrdt 

Jo «(/(^)) A «(i) 

=s{t 2 ) - s{ti). 

The equality holds if and only if (t{s) is an /-segment. □ 

Remark 4.1. In a Finsler manifold, there is a bit difference in the definition 
of parallel hyper surfaces. Because in general, d{xi,X 2 ) / d{x 2 -,xi) unless 
the Finsler metric is reversible. That is, A^i is parallel to N 2 does not mean 
that N 2 is parallel to Ni. 

From (j2.8p we see that V^/ is self-adjoint with respect to and 

V2/(Vp) = (a(/)Vp) = a(/)a'(/)Vp, 

which implies taht Vp is an eigenvector. So we can choose eigenvectors 
of V^/ to form an orthogonal frame {ei}f^i with respect to pvp such that 
Gn = ^P- By using (|3.10l) . we know that 

Aaea = VV(ea) = DlP{dif)Vp) = a(/X^Vp = -d{f)AM, 

which shows that each of is also an eigenvector of ^n- Thus we 

have 

Lemma 4.3. Let f be a transnormal function on Finsler manifold {M,F). 
Then V/ is an eigenvector ofV^f. Moreover, if Xi, X 2 , • • •, is the eigen¬ 
values of'V'^f, where V^/(V/) = XnS/f, then 

Xa\Nt = -d{f)ka, Xn = d{f)d'{f), (4.3) 

where ki,k 2 , ■ ■ ■, kn-i are the principal curvatures of Nt- 

We now prove the following 

Lemma 4.4. Let f be a transnormal function on Finsler manifold (M, F, dp), 
then on Nt, we have 

Af = -d{t)Hn + a{t)d{t), (4.4) 


5Vp(Vp,cT(s))ds 





Hn + 


S{Nf) 

F{Vf)’ 


(4.5) 


where n = and Hn are the dp^-mean curvature and g-mean 

curvature defined by h3.3\) and 113.11\} . respectively. 
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Proof. By Lemma 4.2(1), n = V/? = v = dp = pidx\ Take a new 

special local coordinate system {(m“,s)} in a neighborhood U such that 
p{x{u°‘, s)) = s, that is dp = ds. Then 

Nt\u = {(w“,s))|s = s{t) = f 

Jto ait) 

Set dx* = + z^ds, izj)~^ = (w)) and let (p : Nt ^ iM,F) be embed¬ 

ding. Then located on Nt, we have 


zl = 




4 = p\ 


Wi 


= pi, wfp' = 0 


and 

dpM = crix)dx^ A • • • A dx” = cj(x(u“, s))det(2;))dM A ds. 

From (j3.ip . we have 

dpn =(Jniu)du = cr((/>(M))det(4)du, (4-6) 

that is, T'(x*, 2 :*) = cj(x)det(z)). Setting p = det( 2 ;)) and using (j3.2p and 
([33]), we have 


idn = 




d'^T dF d‘^F 1 

dzidzl 9x* dxn dzl J 


(4.7) 


dp / ^ a 
dF (da . ^dzi 


5x* 


(9x* 


d'^F 

dzidzl 


Kb =aix)piwfw] - = 0 , 


^2 “jF / f)\ r)7^ 








Thus 


1 / 5cr j , .dp^\ 

idn =-I Tr-;P + cr{x)K-r = -Ap. 


It follows that 


A/ = div(d(t)Vp) = —d(t)ddn + d'(t)d(t). 
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On the other hand, from Lemma 3.3, Lemma 3.4 and Lemma 4.3, we have 

A/ =tr,^^(VV)-W) 

= J2x,-S{Vf) 

i 

= - a{t)Hn + a{t)d'{t) - S^Vf), 

It is obvious that ()4.5p holds. □ 

4.2. Isoparametric functions and isoparametric hypersurfaces. From 
(j4.ip and Lemma 4.4, we obtain immediately the following 

Theorem 4.1 On a Finsler manifold {M,F,dfi), a transnormal function 
/ is isoparametric if and only if each regular level hypersurface Nt of / has 
constant d/Un-mean curvature where n = Particularly, when M 

has constant S-curvature, a transnormal function / is isoparametric if and 
only if Nt has constant ^-mean curvature Hn. 

Further, we have the following 

Lemma 4.5. Let f be an isoparametric function on Finsler manifold (M, F, dp) 
with constant S-curvature {n + l)cF, p be a function defined by and 

ei, • • • , Cn-i, On = V/9 be the eigenvectors of V^/. Then we have 

(4.8) 

,n-l, (4.9) 

where KiVp] Ca) is the flag curvature of (M, F). 

Proof. (|4.8p follows immediately from (14.11) . (14.411 and (14.51) . 

On the other hand, observe that 

ka = 9Vp(^n(ea), Ca) = -gs/p{D^fVp, Ca), a = !,■■■ , n - 1, 

and note that D^'^Vp = 0. From (j3.16l) and (j3.8p . we have 

+ 2Cv,(D?/Vp, 

=SVf(DjfD^yp, e.) + av,(N^yyp. ea) 

+ gvpiRvpC^P, ea)Np, Co) + gyp{D^fVp, D^'^Ca) 

= - K{Vp- ea) + Vp, ej + g^piDl^Vp, 


n—1 


'^ka = d'{t) - ^ - (n + l)c, 


a=l 

dkn 


dp 


d{t) 

= K{Vp]ea) + kl, a = !,■■■ 


(4.10) 
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Moreover, by the torsion freeness of the Chern connection, it follows from 
(j4.10jl and (12.8p that 

- K{Vp-, ea) + ej + gv^iDl^Vp, D^^Ca) 

= - Kiyp- ea) + gvpiD^^yp, Dl^ea - Dl^Vp) + 5Vp(<'’V/9, 

= - K{Vp-, ea) + 2<7vp(I?e?Vp, - 5Vp(^e?Vp, Dl^Vp). 

Note that 

P^D^^pCa) = 2gsjp{kaea,D^^pea) = kaV p{gsj p{ea,ea)) = 0, 
gvp{D7f^P^D^f^P) = gvp{kaea,kaea) = kl- 
Thus, we obtain (I4.9p . □ 

Theorem 4.2 Let (M, T, dp) be an n-dimensional Finsler manifold with 
constant flag curvature and constant S-curvature. Then a transnormal func¬ 
tion / is isoparametric if and only if each regular level surface of / has 
constant principal curvatures. 


Proof. By Theorem 4.1, it suffices to prove that each regular level surface of 
an isoparametric function / has constant principal curvatures. From (14.91) . 
we have 

o n—1 n—1 

- j;Z, = Ric(Vp) +(4.11) 

^ a=l a=l 


Set K{'Vp,ea) = C. We know from (14.81) and (14.21) that Yla=i is only a 
function of / = t and (14.lip can be rewritten as 




a=l 


^ n—1 n—1 

-Y,L = (n-l)C + Y,l=l 

^ a=l a=l 


(4.12) 


n—1 

This indicates that ^ is also a function of t. It is easily seen from (14.91) 

a=l 


that 


d 


n—1 

u2 


a=l 


o n—1 n—1 n—1 

§-y.ki = ^cY,ka+2Y,ki 

^ a=l a=l a=l 


n—1 

This implies that ^ is also a function of /, and so on. By the properties 

a=l 


of symmetric polynomials, we conclude that ka is constant on Nt for any 
a. □ 


The same result can be obtained by (|4.8I) and (|4.1ip if n = 3 and 
(M, F) has constant Ricci curvature. Theorem 4.3 Let (M, F, dp) be a 3- 
dimensional Finsler manifold with constant S-curvature and constant Ricci 
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curvature. Then a transnormal function / is isoparametric if and only if the 
both principal curvatures of Nt with respect to n = are constant. 


5. Isoparametric hypersurfaces in Minkowski spaces 

In this section, we suppose that {V, F, dfj,) is an n-dimensional Minkowski 
space and dfj, is the BH-volume form or HT-volume form. Then the S- 
curvature of {V, F, dfj.) vanishes identically. Let F* be the dual metric of F, 
which is also a Minkowski metric, and • Then (14.111 

can be written as 

F*{df) = d{f) 

(5.1 

where 


5.1. Cartan formulas in Minkowski spaces. Let iV be a hypersurface 
in {V,F,dfi), be an orthonormal frame field such that = n and 

ei, • • • , en-i be the eigenvectors of ^n- Set Cabc = Cn{ea, e^, Cc) and tabc = 
giyea^ai^b)- It follows from (j3.8|l . (j3.2np and (j3.2ip that 

Tabc — ‘^k^Cabc Tfeac) Vci, 6, C, (^'2) 

K{ea A eb) = g{Riea, eb)eb, Ca) = kah, a^b, (5.3) 

0 — &a{kb)dbc I^'cTfeca kbFcba (^b{ka)bac T k(Facb T kai'cabi O, ^ b^ (^T) 


where K{ea A eb) is the sectional curvature of the hypersurfaces N with 
respect to the connection V and metric g. On the other hand, we know that 


K{ea A eb) = g^et,eb, £«) - gi^eS^a) “ g{'^^a) 

Ca(fbab) 6fe(ff,aa) T ^ ^ ^f^a^fcaa f^aafcab f^aaTbac T TacbTbac 

(5.5) 


Let N be an isoparametric hypersurface. Then it follows from (15.21) and 
(j5.4l) that 

(kc ^b)Tbca (ykc ^a)Tacb5 (5.6) 


When ka = ka ^ kj^ = kb, one can obtain by (15.21) and (j5.6p that 

Lbaa = Lftaa = ~ ^abb ~ 

Tfoab ~ Tabd = “^kaCadb, 

Taac — kcCaac, — kcCbbc, '^C. 


(5.7) 
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Set Cijki = and Cabcd 


Cn{ea,eb,ec,ed). We obtain 


ea(ffeab) — ‘^kbdaiCbah) — ^ kaCaabb Cabc^bca + ^ ^ Cbbc^ aca^ • 

(5.8) 

Substituting (jS.Sp and (|5.3p into (jS.Sp and using (j5.7p . we have 


+ X/ (^^^^abb^bba + “^^bCbbi^aba ^bba^bab ^bba^bab) 


+ 


ki=kb 

^ ^ (^^kbCabc^ bca “t“ a 

+f bcbf caa -ffe ca fcab - fft ca fb ac + r ac bTbac ) j ka 7^ kb¬ 
it follows from (15.711 and ()5.6I) that 


kakb kakb ^ ‘^Caabb 'l~ ^ ^ Caac^bbc^ 


+ E 


kc ka ka ka 


{kc - kaf 


kc k}j ka kf) (/tc ki))(^ka ki,) 


acb 


+ E kbCabcJ^ acb 


kc ka ^ ka kc ^ {kc ka) 


kc ki) ka ki) {kc ki)){ka 


^kakb { -2Caabb + ^ ^ CaacCbbc ) + ^ ^ - J^^lcbj ka / k^. 




kc kb 


(5.9) 


For any y,X,Y € V, we define the Cartan curvature as 
2FHy) 


= gy(x,x)9yiY,Y) (^2 j;c,(x,x,e,)c,(y,y,e,) -c,(x,x,y,y)j , 

(5.10) 

where {ei}(E]^ is an orthonormal frame of V with respect to gy. By (15.9p we 
have 


kakbil Qni^&ai (^b)) — 2 ^ ^ 

^c^^a-i^b 

kakb{^ Qn(^a; ^fo)) — 0; ka 7^ Q — 2. 


, _ , ka 7^ kbi g > 2, (5.11) 

/Cc r^b 


(5.12) 


Here and from now on, we suppose that the isoparametric hypersurface 
Nf has g distinct constant principal curvatures ki , K 2 , • • • ,Kg and the mul¬ 
tiplicity of Kr is nir, r = 1, 2, • • • ,g. 
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Lemma 5.1. Let {V,F,dfi) be an n-dimensional Minkowski space satisfying 
Qy{X,Y) = q{y) 7^ 1 and Cy{X,Y, Z) = 0 for any y,X,Y,Z E V, where 
y,X,Y,Z are all orthogonal to each other with respect to gy. Then for any 
isoparametric hypersurface with principal curvatures ki < K 2 < ■ ■ ■ < Kg{g > 
2), we have the following Cartan type formula 


mr 

r^s 




Kj g — Kjp 


= 0, s = l,...,g. 


(5.13) 


Proof. It is obvious when g = 2. When g > 2, we know from (15.2h that 
bafec = —^bac, for any a b c a, and ()5.1ip can be written as 

- «(n)) = 2 ^ ^ h- (5.14) 

By (15.21) and (15.61) . we have 

{ka fcc)Bac6 — (^c kffjTcba — (^6 ka)Tbac' (5.15) 


Denote 


^ _ {ka - kb) ^ 

'^abc •— rr- - 7 — 77 -*- abcf 


V|1 - ^(n)| 


Prst • — 


E 


X2 

'^abc 


{kb ka){ka kc){kb kc 


— h^r-i^h — i^c — 

where 1 < r, s,t < g and r, s,t are distinct. Then p^st are skew-symmetric 
with respect to any two indexes. Thus (|5.12l) can be written as 

mrUlsKrUg 


t\i q Kjp 


i ^ ^ prst •— Prsi T ^ S. 
t^r,s 


It follows that 


m, 


Y 

r^s 


t\jg 


At o tpp 


zb ^ ^ Prs — T ^ ^ Prst — 0, S — , g. 

r^s 


(5.16) 

(5.17) 

□ 


Remark 5.1. There are non-Euclidean Minkowski metrics, for example Randers- 
Minkowski metrics, satisfying the conditions in Lemma 5.1 (see Section 6 for 
details). 

When 5 > 2, using (15.161) and (15.171) . a similar argument as in [2] yields 
a contradiction. Thus we have 

Theorem 5.1 Let {V,F,dp) be an n-dimensional Minkowski space satis¬ 
fying Qy{X, Y) = q{y) / 1 and C{X, Y,Z) =Q for any y, X^Y,Z E V, where 
y, X, Y, Z are all orthogonal to each other with respect to gy for n > 3. Then 
any isoparametric hypersurface in {V, F, dp) has two distinct principal cur¬ 
vatures at most. 
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5.2. Isoparametric hypersurfaces with gf = 1. In {V,F), the hyper¬ 
surfaces Sp~^{xo,r) = {x G V\F{x — xo) = r} and Sp~^{xo,r) = {x G 
V\F{xo — x) = r} are said to be the Minkowski hypersphere and the reverse 
Minkowski hypersphere of radius r centered at point xq, respectively. 

Remark 5.2. If F is reversible, then = S^~^{xo,r). In general, 

they are different. 


Theorem 5.2. In an n-dimensional Minkowski space {V,F,dfr), any hy¬ 
perplane, Minkowski hypersphere and reverse Minkowski hypersphere with 
radius r are all isoparametric, which are also g-totally umbilic and have 
constant principal curvatures 0, ^ and constant sectional curvatures 0, 

respectively. 


Proof. For a linear function / in space V, F*{df) is a constant. It is obvious 
that / satisfies equations (15.11) with d{t) =const., b{t) = 0 and V^/ = 0. 
From Lemma 4.3 and (j5.3p . we see that ki = k 2 = ■ ■ ■ = kn-i = 0 and 
IF = 0. 

Since the Minkowski metric is independent of the point x G V, that is, 
F{x, y) = F{y),y G T^V = V, it suffices to consider Minkowski hyperspheres 
centered at the origin and put fix) = F^F‘^(±x), Vx G V. Then we have 
from (gap that 


df = FFyidx\=±x = T(±x), fij = ±[-F‘^]yiyj\y=±x = ±gij{±x). 

Thus 

V/ = ±x, F* (df) = F{±x) = v'±2/(x), 
g*'^idf)fij = ±g"^ {±x)gij{±x) = ±n. 

The function / also satisfies equations in (|5.1I) with a{f) = -^±2/ and 
6(/) = ±n. Consider the isoparametric family f = t. By (|4.8p and (14.121) . a 
straightforward computation yields that 

ka = ±^, = 5.18 

a a 

The formulas above imply that 


C^ka)'^ = {n-l)'^kl. 


From (j5.18p . (I5.19P and (j5.3p . we have 


ki = k2 = ... = kn-l = ± 


-1 


v/±2t 


K = 


,2 • 


(5.19) 


□ 


Theorem 5.3. In an n-dimensional Minkowski space {V, F, dpL){n >2), ag- 
totally umbilic hypersurface is isoparametric with g = 1 and it must be either 
a Minkowski hyperplane, a Minkowski hypersphere or a reverse Minkowski 
hypersphere. 
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Proof. Let be a ^-totally umbilic hypersurface with local coordinates 
- at X = (j){u) G N. Note that ki = k 2 = ■ ■ ■ = kn-i = k 

and 

"i."=(^) = (^) ■ 

Set n = < = 1 ^, Then from (|5.2U|), we obtain 

dk 

<b + ^,€ + kcPU = 0. 

This implies ^ = 0,Va 7^ b, that is, k is a constant. Hence, N is 

isoparametric. 

When k = 0, (I5.20h implies that n is a constant vector. Thus is a 
Minkowski hyper plane. When A: 7^ 0, from (I5.2nh we know that there is a 
point xq £ M such that 

11 + kx = kxQ, Vx G N. 

This implies F{—k{x — xq)) = 1. Therefore, F{—{x — xq)) = ^ when A: > 0 
and F{x — xq) = ^ when A; < 0. □ 


5.3. Isoparametric hypersurfaces with g = 2. Let (V, F) be an m- 
dimensional Minkowski subspace of {V, F), that is, F = Fly. LetS^-\xo,r) 

be the (reverse) Minkowski hypersphere in the {V, F). We call x) x 

M”-™ ; .F(±(x — Xq)) = r, x £ V, the (reverse) F-Minkowski eylinder of 
radius r in Minkowski space (y,F). 

On the other hand, let F* be the dual metric of F, V* be an m-dimensional 
subspace of V* = TfV and F be the dual metric of F*\y» in V. That is, 

?ey*\o ^ 

Then {V,F) is also a Minkowski space. Let S^~^{xo,r) be the (reverse) 

Minkowski hypersphere in (V, F). The cylinder {xo,r)xMP~^ : T(±(x— 

^0)) = ^) X G H, is said to be the (reverse) F*-Minkowski cylinder of radius 
r in Minkowski space {V,F). 

Remark 5.3. In general, we have 

F{y) = F{y) = sup -|^ > sup = F{y), y£V. 

5el/*\oIsj ^eV\o ^ 

Thus an (reverse) T*-Minkowski cylinder is not always an (reverse) F- 
Minkowski cylinder. 
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Theorem 5.4. In an n-dimensional Minkowski space {V,F,dp), any (re¬ 
verse) F* -Minkowski cylinder S^~^{r) x M”"™ must be an isoparametric 

hypersurfaces with constant principal curvatures 0 and =F^. 


Proof. Let V* be an m-dimensional subspace of V* and F* = Then 

we can take an orthogonal coordinate system {(x*)} in V with respect to 
the Euclidean metric such that E* = {C = (Cic'' ,0)|^ G V*} 

and V = {x € V\x = (x^, ..., 0,..., 0)}. Here and from now on, we use 

the following convention of index ranges: 


1 < a, ft ■ ■ ■ < m < n] m -\- 1 < X, p, ■ ■ ■ < n. 

Set X = (x", 0) G H and set 

/(x) =±^F^{±x), 

for any x = (x*) G H. Then 

df = F{±x)Fy^{±x)dx^ = C{±x) G H*, 

/b(^) = [\F\.y^{±x)5f5^^ = ±~g^p{±x)5f5l, 

where C : V ^ V* \s the Legendre transform with respect to the metric F. 
So we have 


V/ = ±x, F*{df) = F*{df) = F{±x) = V±2/(x), 
g*^l{df)fij = ± 5 *"^((i/) 5 a/ 3 (±x) = ± 5 “^(±x) 5 a/ 3 (±x) = ±m, 
where V/ is the gradient vector of / in {V,F). This means that / satisfies 
(j5.ip with d(t) = y/±2t, h{t) = ±m. 

By (j4.9p and (j4.8p . a straightforward computation yields that 

(5.21) 


ka = 2^kt = 


We get from above that 


C^kaf = {m-l)'^kl. 


(5.22) 


On the other hand, V^/ has n — m vanishing eigenvalues since fi\ = f\i = 0. 
Setting km = km+i = ... = kn-i = 0, we obtain by (j5.22j) and (I5.21h that 

-1 1 


ki = k2 = ... = km-l = ± 




□ 


In general, it is difficult to express the metric F explicitly. So we consider 
some special Minkowski spaces in which some T-Minkowski cylinders are 
also isoparametric. 

Corollary 5.1 Let {V,F,dfj,) be an n-dimensional Minkowski space and 
{y,F) be a Minkowski subspace of {V,F,diJ,). If 
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(1) the Legendre transformation satisfies C{V) C V* or 

(2) F is a Euclidean metric, 

then the (reverse) E-Minkowski cylinder is isoparametric in 

{y, F, dji), where is a (reverse) Minkowski hypersphere in (V, F). In 

the latter case, S^~^{r) is actually the Euclidean cylinder S™'“^(r) x 

Proof. {l)liC{V)(lV* , then 


F{y) = F{y) = sup 


^{y) 


> sup 
^eV'*\o 


ie.v*\o 

i{y) 


= F{y) 


> 


i{y)_ 

F*y 


y^^-^=F*{Cm = F{y), 


My G V. 


That is, F = F. 

(2) Let E be a Euclidean metric. Eirst, for any unit vector e in Eu¬ 
clidean m-space (E,E), there exists an orthogonal matrix A such that 
Ae = ( ^^--^ , • • • In fact, in the standard sphere S'™'(1), by a 

suitable rotation, one can transplant e to ,-^==)^. Let V = 

{x G V\x = (x^,..., x™, 0,..., 0)}. Then E(y) = E(y^, • • • , y^) is invariant 
under the action of the group 0{m) x I{n — m) and thus there exists an 
orthogonal matrix A G 0{m) x I{n — m) such that 


A 


\/(y^f -^ (y™)^’ ’ \/(y^)^ -^ (y™)^’ 


,m+l 




y 


,m+l 



Thus, 

F(y\--- ,y^)=F(A(y\--- ,y^,y^+\--- ,y^)) 

p / \/(y^)^ + ■ ■ ■ + (yy^ vWW+FA+jyy 

:=yV(y^)^ + --- + (y^r,y"'^\-- - ,?/")• ( 5 - 23 ) 

Let E*(^) = E*(^i, • • • ,y) be the dual metric of E, where ^ = F(y). Define 


A* : 


T*M T*M 
i^A*i 
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such that A*^{y) = ^{Ay) for any y G TM. Then A* = G 0{m) x I{n — 
m) and we have 


F*{A*A) = snp 


AA{y) 


= SUD 


i{Ay) 


AAy) 


By a similar argnment as above, we obtain 

An) An)- (5.24) 


Let V* := = (^1, • • • AmAi • • • )0)} be the subspace of V* . Then 

is a standard Euclidean metric and its dual metric E in E is also a standard 

Euclidean metric. Thus F = F. □ 


It can be seen from (12. 4p that C{V) C E if and only if 

[F]yx{y) = 0, m + 1 < A < n, My & V. (5.25) 

Example 1 Let (E, F, dy) be a Minkowski space with A:-th root metric 
F = a > 2). Set E = {x G E|x = (x^ ..., 0,..., 0)}(1 < 

m < n). It is easy to check that F satisfies ()5.25p . which means that the 
condition (1) in Corollary 5.1 is satisfied. Therefore 

(x^)^ + (x^)^ + ... + (x™)^ = A 


is an isoparametric hypersurface, where 1 < m < n. 

Example 2 Let (y,a4>{^),dy) be an (a,/3)-Minkowski space, where a = 
= by^- Set E = {x G E|x = (x\ ..., x”", 0,..., 0)}(1 < 
m < n). Then F also satisfies (|5.25p . that is, F satisfies the condition 
(1) in Corollary 5.1. On the other hand, if we set E = {x G E|x = 
(0, • • • ,0,x™'+^,...,x”)}(l < m < n — 1), then it is obvious that F = 
\/z2>JjAA satisfies the condition (2) in Corollary 5.1. Thus 


\ 


a=l 


.X' 




±6x^ 




= r, 1 < m < n. 


and 

n 

[xY = A, l<l<n-l, 

X=l+1 

are isoparametric hypersurfaces in (E, q; 0(^), d/i). 


Theorem 5.5. Let (E, F, dfi) be an n-dimensional Minkowski space satis¬ 
fying Qy{X,Y) / 1, My,X,Y G V, where y,X,Y are orthogonal to each 
other with respect to py. Then any isoparametric hypersurface with g = 2 
in (E, F, dy) must be an F* -Minkowski cylinder or a reverse F* -Minkowski 
cylinder. 


Proof. Let N be an isoparametric hypersurface with g = 2 and n = Vp, 
where p(x) = d{N,x). By Lemma 4.1 and Lemma 4.2, p(x) is an isopara¬ 
metric function in (E, E, dp). Hence, it satisfies (15.ip . Let ei, • • • ,em-i and 
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Cmj • • • i&n-i be the eigenvectors of with constant principal curvatures 
ki = k 2 = ■ ■ ■ = km-i = k and km = km+i = ... = kn-i = k', respectively. 
By assumption and (|5.1ip . kk' = 0. Set A;' = 0, fc = ±b,r > 0. From (|5.7p . 

we know that Pao/? = PAo/i = 0, l<a,/3<n — l,m<A,/i<n — 1. Thus 
from (I3.10p . we have 

n—1 n—1 

^ 66 ®^ = '^^)^abea + hn{eb, ex) = ^ l<b<n-l,m< X<n-l. 

a=l v=m 

This implies that the tangent subspace spanned by {sm, ■ ■ ■ , Cn-i} is parallel 
in V. We can choose the coordinates {x*} in V such that 

spanjcm, • • • , en-i} = span •' 




dx^ 


Then 


dp d d 

d^ ^ ^ = 0, VA = m + 1,..., n, 


which shows that p{x) = p{x^, ..., x™). Set 17 = {x G 17|x = (x^,..., x™, 0,... 
F* =_{e G = {ii,--- ,0)} and F* = F*\y,. Then /:(n) = 

dp G V*, where £ : {V,F) (V*,F*) is the Legendre transform. Further, 

we have 

{V,F)^ {V*,F*) ^ {V*,F*) ^ {V,F) 

n I—> C{n) = dp I—)• C~^{dp) = h 

where C : {V,F) (V*,F*) is the Legendre transform. Note that T(n) = 


£(fi) = dpeV* and F* = F* 


lY* 


Then we have 


(5.26) 


r F*{dp)=F*{dp) = d{p) = l, 

\ 9*°'^{dp)pap = 9*°"^ {dp)Pap = 9*'^idp)pij = b{p). 

This means that p is also an isoparametric function in {V,F). From (14.8p 
we know that b{p) = —(m — 1)A:. Let iV = {x G V\p{x) = 0} and {ka\^Zi 
be the constant principal curvatures of N. By (|5.26p . we have 

m—1 m—1 

'^ka='^ka = {m- l)k. 

a=l a=l 

On the other hand, it follows from (14.81) and (14.9|) that 

m—1 m—1 

'^^1= = {m - l)k^. 


a=l 


a=l 


Therefore, ki = ■ ■ ■ = km-i = k. This means that N is an isoparametric 
hypersurface with gf = 1 in {V,F). By Theorem 5.3, we conclude that N 


must be a (reverse) Minkowski hypersphere 5T ^(xo,x) in {V,F) and thus 

F± ^ 

N must be an (reverse) F*-Minkowski cylinder S^~^{xo,r) x □ 
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6. Isoparametric hypersurfaces in a Randers space 

Let (M, F) be an n—dimensional Randers space, where F = a + /3 = 
y/(HjyV + biU^- It is known that 

F 

9ij — ) “1“ ' (li'I) 

Lemma 6.1. Let {M,F) be an n—dimensional Randers space, where F = 
a + /3 and b = ||/3||a. Then the Cartan curvature satisfies 1 — Qy{X,Y) = 
q;(1 — 6^) > 0 and Cy{X, Y,Z)=0 for any y, X,Y,Z G T^M, x G M, where 
y,X,Y,Z are all orthogonal to each other with respect to Qy. 

Proof. From (|6.ip . we obtain by a straightforward calculation that 

1 F 

2 [dotyk'^hij i^CXyiykCXyj ~t~ Ot yZ C^. yj yk^ ~t~ FyZykFyj ~1~ FylFyjyk, 

( 6 . 2 ) 




F\ 1 

- 1 hij - 2^0lbk — fiOiykfiOiyiylOiyj Y OiyiOlyjyl) 

- n{0:bl — (3ayl){ayiykayj + ayiUyjyk) 


F 


i^Otyiyk yl CXyj ~l~ OtyZykOlyjyl ~t~ CXyZylCX-yj yk CX yZ CX yj yk yl ^ 


a 


y y^y y 


F i k IF i ~\~ F i k F i I H” F i IF i k F i F i k I f 6 31 

I ybyl\z yl yj \ J. ytyl\. J. yj yt | ylyl J. yj y^u | -L yi J. yj yl\zyl ^ y\J • KJ J 

where hij = aij — ayiayj. Let be an orthonormal frame field with 

respect to Qy such that = -^ and set Then 


FyzUa 0^ CXyiU^ FyiyfU^Uj^ (X yz yj Xl ^abt 


when y = i E SxM. Thus, we have from (j6.2p that 


‘^Cfibc — 2(7 {Caj Cfo) Cc) 


=- ((fi(ec)a + /3fiiec))Sab + dacfi{eb) + dbcfi{ea)) 
a 

=- {l3{ec)Sab + fi{eb)3ac + I3{ea)dbc) ■ 
a 


It is obvious that 
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By do]), for any a 7 ^ 6 , we have 

"^Cabab = C{ea, Cfo, Ca, Cf,) =^(/3(ea)a + /3/3(ea))/3(ea) + ^(/3(efe)a + /3/3(efc))/3(eb) 

+ — {^CaabPi^b) — 1 + 2/3(ea)Cba6^ + 1 

= — {(^{^a)^ + /3(eb)^)-hi. 

a 


4 ^ ^ CaacCfyfyc — ^{CaaaCfyfya CaabCjjbb) “ 1 “ 4 ^ ^ CaacCfyfjc 


c^a,b 




c^a,b 


1 —1 “1“ ‘^Caabb 4 ^ ^ ^ggc^bbc 

c 

=2 H-2 -2 

a 

=2-i-4(l/3|^-/3(en)^) 

■ /3 , /? i/^ih 

J- “r 9 9 • 

a 

Using the formula in [lOj . we have 

|/3|2* = 5 *^ 6 , 6 , = b\a + /32 - 2a/3) + 

Hence 

1 - Q{ea,eb) = a(l - 6^) > 0. 


1 




c^a,b 


□ 


From Lemma 6.1 and Theorem 5.1 ~ 5.5, we have following classification 
theorem. 

Theorem 6.1 In an n-dimensional Randers-Minkowski space {V,F,dfj,) 
where dfj, is the BH(resp. iLr)-volume form, any isoparametric hypersur¬ 
face has at most two distinct principal curvatures and it must be either a 
Minkowski hyperplane, a (reverse) Minkowski hypersphere 5p.~^(r), or an 

(reverse) F*-Minkowski cylinder S^~^{r) x 

Let F = a + /d = dijy^yd + 6 jy* be a Minkowski-Randers metric and d^ 
be the BH(resp. Lir)-volume form. Set A = 1 — 5^, F = F^bj. The dual 
metric F* can be expressed by( [7]) 

F*{0 = + r (0 = + b*^C^, e = € T;M, (6.4) 
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where 

+ b^V), (6.5) 

A 

Set V* := G = (^ 1 , • • • • • • ,0)} and F* = F*\y,. It is obvious 

that 

F*iO = = \ • 

Therefore 

Kf} = [bafi - Y^bah^ , hi = alpb*^ = - 

where iP = h'^ha- The dual metric of F* in V = {y € V\y = {y^,..., y™, 0,..., 0)} 
can be written as 

F{y) = i (\/+ hb})y°‘y'^ - Ky""^ = \Ja^^yy^y^ + Ky"^, 

where A = 1 - b*^bl = 1 - ^ and 

baj3 = -J2 + blb^^ = (A + bP)5ap, ba = ~^*a ~ ba- 

That is 

F{y) = ^J{X + P)\y\ + bay^. 

Example 3 Let F = a + P = Sijy^y^ + biy^ = \y\ + /3(y). The equation 
of the isoparametric cylinder ST“^(r) x can be expressed explicitly 

as 

\/A + }P\x\ ± /3(x) = r, X = (x^,..., x”^, 0 ,..., 0). 

From [7], the gradient vector of / at x can be written as 

where df = fidx'^, /* = S^^ fj. Let V“/ and A"/ be the gradient vector and 
the Laplacian of / with respect to d/r, respectively. Then 

V/ =^^(V“/ - F*(d/)/3«), (6.7) 

A/ =divV/ = <df-F* {df)(3, d ( 

F*{df) =a*{df) + f3*{df) = i (VA|d/|2+<d/,/3>2_ < df,li >,) . (6.9) 
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(SH) can be written as 

\df\a — + 2 aC) 

\a*b 


A“/ = 


1 


— Xda' + -— < df — a/3, d{Xa*) >„, 


( 6 . 10 ) 


a Xa* 

where ( =< df, f3 >a ■ Since Xa* = Aa + (", we have 

d{Xa*) =Xd'df + dQ, 

< df, dC >a= « V^df, p >a, df >„=« V“d/, df >„, /3 >„ . (6.11) 

It follows from ()6.10P i that 

< V^df, df >a={Xd + Qd'df + ddQ, 

« V‘^df, df >a, 13 >a=(Aa + Qa!C + a < /3, dC >a • 

Thus 

< df — a/3, d{Xa*) >«=< df — a/3, d( >« +Xd'{\df\‘^ — d() = d'(Xd + C)^- 

Theorem 6.2. Let (V, F, dfj.) be an n-dimensional Randers-Minkowski space 
where dp, is the BH(resp. HT)-volume form. A function f is isoparametric 
if and only if it satisfies 

'\df\l = Xd{ff + 2d{f)<df,/3>^, 


A“/ = Xbif) + 


M 

«(/) 


+ «'(/) <df,/3>a ■ 


( 6 . 12 ) 


Example 4 Let f{x) = jx] +/3(x), where x = (x^,..., x™, 0,..., 0). Then 

-1 f\x = 0, 


^Oi l-rl^ _ 

fa = T- + ba, fx = bx, faa = - 
X 


IxP 


Id/lJ = 1 + 6^ + 2 M, < rf;, ^ M + ^ 

X X X 


By choosing d{t) = 1, one can easily to check that 


^d{f)‘^ + 2a(/) < df,j3 >a— A + 2 


/3(x) 


+ 6 M = \df\ 


That is, / is a transnormal function. If / is an isoparametric function, 
then from (14.9p . its each regular level surface in must have two constant 
principal curvatures 0 and k = Denote the multiplicity of A: by It 
follows from (j4.8|) that b{t) = where c is a constant. Then when bx 7 ^ 0, 


A6(/)+ 


M 

«(/) 


+ a'(/) < df,l3 >a = TZ 


<1 


x\ + /3(x) + c 
g(|x| +/3(x)) 


X l^ix) ,2 

A + + 6 


/A“/ 


|x|(|x| + /3(x) + c) 

at points where /3(x) 7 ^ /3(x). That is, / does not satisfy (I6.12p and thus it 
is not an isoparametric function. 
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